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REPORT 1249

A UNIFIED TWO-DIMENSIONAL APPROACH TO THE-CALCULATION OF THREE-DIMENSIONAL
HYPERSONIC FLOWS, WITH APPLICATION TO BODIES OF REOU I-

By A. .J. 1FaueuS, JR., shnd-RAYSIOND C. SAVIN

SUABMARY s1)ecd~s,-loses muchi of its utility in the-studly- of hiigh-,uper-

A simplified two-dimcenszonal method .or calculating three- soi-pd ls.Iteqesfomtodepcalyutd
dim ensional -steady and nonsteady hypersonic flows of an to calculating hligh-supersonie-spee(I flows, notable pirogress
inviscid (non-heat-conducting) gas is (deduced front character- ha ei ad nb eelopmnent of similarity laws relating
istics theory. This miethod is applrop~riat'ely termied a generailize(l the flows ab)out slender tliree-(lmiensional shapes in both1
shock-expansion method. it is-demonstrated that the method is steady (see refs. 1, 2, and 3) and nonsteadv motion (see
applicable when disturbances-dssociated with the dicryence of refs. 4-and-5). Steady two-dIiiniensionatliows~liaive receivedl
streamlines in planes tangenu-to- a-surface are of secondary perhaps-the greatest attention fronm the standpoint of cailen-
importance compared to- those associated with the curvature of lating-specillic flow fields, anid it would sem that--with1 tools
streamlines inl planes normal-toq1he surface. Wlhen this con- nigfom-h-larcrstsmeod se,.gres6
dition is met, surface streamlines -may be treated as geodesics, anl- 7) to-the- - -eralizedl shiock-expansion--method (ref. 7)
which, in turn, may be related to-the geometry of the surface. the -problent-is icasonably well in hand, at-le&,t insofar as

It is inquired further if-the two-dimensionality of inviscid itiviscicl, contim-ain flow is concerned. A more or less
hypersomc flows has a counterpart in hypersonic boundary- analogous situati. ii exists withi-regard-to-thle nonlifing body
layer flows. This question is answered in the affirmnatire, of rev'olution (see, c. g., r~efs. 6 4, 9, -and- 10) althioughi it
thereby permitting a unified -two-dimnensionat approach. to seemns-thiat only in the case if 'hie cone bias-a-mnetliod-(ref. 10)
three-dimensional hypersonic flows, of simplicity comparmblo to th wt, of the- linear -thevory been

This concept is applied to bodies-of revolution. in stcady flight- developed for calculating thle Nrlolo flow-field.
and, with the assumption that -flow at, the vertex is conica, When-one departs from thiese-irelatively-simple flows, thle
ap~proximate solutions for the flow fiebLdare. obtained for values ilumber of tools for carrying out practical calculations de-
of the hypersonic similari~y parameter (i. e., the ratio of the creases sharply. Thuis, for example, iii -thle category of
free-streamt Mach- itumnber to the fieness ratio of tho body) inclicd-bodies of revohition, it appears that-only bodies at
greater than, about I and for small-angles of attack. Surface sinall-angles of attack have been handled-adequately, usually
streamlines are approximated -by-meridian, lines and the flow by-eithier- the method of cliaracteristies-or-soimczothier step-
field is calculated in mneridian -planes. SimIAl explicit expres- by-step -calcuilative procedure (see, a. g., refs. 6, and 11
sions are obtained for the surfaces.11lach -numbers and pressures throughi 14). In the case of steady flow about- general three-
in the special case of slenler-bodies. dlimensional shapes, aside from Newtonian flow concepts,

The validity of theory is checked by comparison wilt surface wbichi-are strictly apphlicable at Maclh numbers exceeding all
-pressures and shock-wvave shapes obtained experimen tally at linlits,-onl1y thle chlaracteristics method lias-apparently thuis
Alach numbers from,& 8.00-to 6.30-anet angles of attack up to far received -serious attention (refs. 15, 16, 17, and 18). It
150 for two ogires havingflnenessratios f8 and . Atthelower is-trute, of course, that the method is tedious and time conl-
angles of attack, theory- and experiment approach agreement Silming-to) apiply, bu4 thle relatively exact-solutions Obtained
wihen the hypersonic similarity parameter is in the neighborhood pirovidle a valuable chieck against the p~redictions of mnore
of-I or greater. At the -larger angles of-attack, theory tends to apiproximlate but simpler theories. In -addmtion,-iowever, as
break-down noticeably onl the le ward-sieles of the bodies. -demonstrated in reference 10, it studly of -tlmcconipatibility

equations-of-tle chairacteristics; ithod-can-prove useful in
INTRODUCTION -determining simplified methods for calculating more complex

ile calculation of flows about-obiects, priniar-ly missiles, -flow-fields.
traveling at high supersonic speeds is-nuw-gemierally accepted With these -poiiits in I mind, it -is- first un~der(tkeni in thie
as it-matter of more than aicademic-interest. Thle difhiculty liresemitreport, to redevelop characteristicstieory inl a formi

of-lmra clcilaion-sein~ az-lrg~pa~frmnthe fact that which, enatbles uts to obtain at siiiplified -two-dimnensional
at suchi high speeds (listarb 'aiuce velocities are not necessarily method-for Calculatinig huth stealy-amid nlollstcaldyIlypcrionic
small compared to thle velocity of sound, nor tire entropy flows about three-dimnisional shapes. <Viscous flows are
gradlients necessarily negligible in thle dlisturbedl flow field then-considered and it is demionstrated that- the -two-dinien-
about a body, even thoughl it.-may-be of iiormial slenderness. sional-character of inviscid hypersonice flows has it counterpart
Thuns, for example, thle relatively simnple linear theory, wbvhl in hypersonic boundary-layer flows. Thle Val lily of thle
hans proven so valuable iii studying flows at low supersonic anab tical miithiods of this papler is-checked by comparing

Suprsties NACA TN 281 eniled, "On the~ Calculton of Flow Aboun ObJecdm Traveiiw alziligh Sulwrsvlk Srwnia' by A. J. Eggnrs, Jr., AIM.

If
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the predictions- of theory witli cxleriintal results for the x conditjins immiacately behind the shock-wave at
surface pressures-and how shock waves of lift ig and non- thle Vertex of at body
lift ing bodies of revolution ait NMach numbers front 3.00 to 6.30. NICDFO

a ocl ped fNOTATION This study proceeds from the Euler momentuin-equatiojns,

(I axial-force cocfficient,axafoc i i U uI P.()

normal force, 61 + t-+ -+ - 2

0. pitching-monment, coefficient, 6+ 6z+t' d+wl 6i- )
inonien t about body v'ertex

1( __ the continuity equation,

C, specific-licat, t constant~ pressure =04/ (4) (w)
C, specific heat-at constant volumne ~~

C(,,0 characteristic coordinatei iln X-7, plane (Cl, is the equation of state,
positively inclined with-respect. to A')

(IP pressure coeffiCi~jIt, -__ Pp 'opS) (5)

dI liiuhii diamneteri of body of revolution andl the energy equation,

Ki hypersonie. similarity p~aramieter, m. s- iS 08 ?bS()
a+u6z+V 4+I&= 6

I Chaaracteristic body lemgth -(iiieasuired front vertex 2
tozinost forward point ofijmaximunm dianmeter) where ut, I, aiid to arefthe comnponenits of velocity at, timec t

Al Nlacli-mnber (ratio of localvelocity to local SpeCed along thle N, Y, and Z- axes, respectively, of-a clemient, of the
ofzsound) -fluid of dlensity p, static.zpressure p, aiid entropy-S.1 To put,

11 static pressure these expuressionis iii-azlnore1 tractable forminjvis-convenient .

1, total pressure to-alimie the X axis at timet with the direction oft lie resultant.
q. free-stream (lyniliic p~ressuire velocity at. the origin of the coordinate System. Thius

S entrop~y equationis (1) through -(4) and~ equat ion (6)-simplify, respec-
I timei tivehy, ill thle region of the-origin, to

it, r, IV compllonents of fluid velocityal1oiig thle X, Y, and Z
axes, ~ ~ ~ ~ -rsec vlyb u I op

X, Y, z retnua coriaeYlng(i X ' all( 7 axes, ~+t~ P r (7)

x, r, p Cylindrical coordiniates --+11 6-+~--3-=0 (8)
X center-of-pressure piosition (measured front body

vertex) DIV w ~7
a angle of attack 61-+ t ax +;~ (9)=

ratio of specific heats, ~~ ~
6 ang1e-bctween X iixis-aiid-tangent to projectioni of -i (FX ~ =o(0

streamline~ (or lpatliin)--Z -7 ii and
kv Seilnvertex amngle of body

angle-betweem X axis andl- tangent -to project ion of bs bs

p Mach angle, sin'r--i r-aict-hcsnIqctailss

v ray anigle for 1'rand tl-\Ieyer-flow 5h0 10
P illass-cheiisity

SUBiSCRIPTS Characteristics theory.-Comipatibility relations describing
thie behavior of fluid p~rop~ert ies aloing characteristic liues

= ~~~~free-streamn conditions 'a,,,liiin fmyweiatei wwiwn w oniquinsldi

Codtosat (differenlt pointsiuizthe flow field himph'elecnhwii [Or(-iono(ii~eclnw) bt~whl0heio
0, 1), .t, 1 ho MI iuerm1# Iwe iy-followrng-iiow inhoi of (odety (wttrcwnw 0 for imoN conditionis onl thie surface-at (lhe vertex of a body dimonoai now.
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formally with thle theory of characteristics for tilt quasi-h

lier lpartial differential equations whIcI depict the flow.' r op [ (171
InI thle-interestS of siMplifyinlg bo0th tile (eiVationl Of these b -- (L (17
relat iois-lantl their result ant- formls, however, it seemls desir- 01 TY-- 15

aubl to proceedi in it inore intuitive mnanner, assuming at wiesbrcigYed
prior- -that the0 pertinenit characteristic liles tire Mach lilies, op 0 s I'A1(S
and uitilizing thel illiplien t ion from11 two-dimensional flow r ~Li ~)
studies that pierhiaps tlie mlost Conveient. dhependhent, van- 2 S2 oz f00

ables arc pressure- and flow inclination aingles. Equtations (17) and (18) iire comnpat ibility equa tions for
Now~ it-is clear thlat-iii(tie ease of stetdy flow aill dlerivat ives characterist ic or Maeli lines inl thle X-Z plane.' ind(eedl, if

with respct to time disappear fromn thle above relat~ins. i.surhr-eirtitit the X-Z eplaneo he tiie osculatiiig
Thus_ assuming there are no shock waves present in the plie ofztme at reatulllie -passinlg-t arouiglI tile Origin, that is,region of] ho origin.3 wue inay w"rite, with the aid of ofuma t ~ii5 tepae-omtimgtelrimia aisofcra n
(5) and (tt), O ) o=Ia tangent to -this-st rettmlinile (ait, thle Origiii), thln thlese eql-

oxp op ax- P 6x VI2 iistr -fihe essnta relat ions foi' detemIliiig ressUre
Si 2 i and flow- incliniat ion throulgholU a1 flow field. Th'lis lpoiilt

whcr a is he octl seedof otid i t ie lui. Cmbiing becotdnesevident.-wien it- is-observed that, with the imposed
wlice ais ilelocl seedof oun intil fili~- CII~illll9 requiirement. tvmz, ZiAyoX= 0), til It 1(addit ioii1i informantion

equations (7), (10), and (12), there is then olitiitet the djerivel -from stuidying -flow ini the A'-Y phaiie is simply
relation thiakdedu~licedifroin- equantionI (8), or. as would be expec~ted,

or, tlefiliiig A ats the tingle betweein the X axis amid thle
taii-eit to thle project ion of at streamhnile In thle A-I plittit, Ini order-to-comisti ket a- flbn% field, bl.A e% ca, it is nCeCssary.
lad, _In alt analogous Inalikoer, the angle 5 ini the X-Z plaine to zkio%% -the Iinier -III -%%id 1l the Oscultding llte rotates
(see rig. 1), we have and, correspondingly. hlow thke priincipll cutrvaiture varies its

z we jiroceed allong a t reaminile. This infortmat ion is Obt ained
froit equattions (2) antd (31). Different iat ion withI resplect,

r- Proleclion of strerlt~ inX-Z ptona to-7 yields
I Zia I OA Zp iais

Strearrilie--., -- - - 8 ld(
-~~~1 1 66~ 3 ZiZP Zi+ b~u +I Zip) Wi

~fstreamline in X-Y plane -respectively-.

Tlhiese tand the previously, dlerived expressions foriti thle
Fiamtt I -Steattlite rolcl~ti it A tuu A Itaits. basis of P.-chartieterist ics thleory for stetidy thrnee-dinisiontal

ipl 7PIU (LiA + (4) flw (see r~ef. 20, Coiisisteiit with the objectives of this
ox 1111 ZY 62)palper', however, we tire interested in thlese results its they lead

IT antsforiig the (lerk~at ites %%ith respect to u tih o ts-toi a more applroxiima te buit, by thle stimne tokeit, a mlore
deiaives ini the charatereist ic or Car and (12 directions Of a1 gais atIvhgl-supers onie speeds.

in the X-7, plante (Car. is positively iniclined %%itli respect Simplified-two-dimensional theory.-It is well at the oilt-
to Ntu i)'i~[Af,(2, 1 'i7)[i()'zi(' 1. 4 ZiQ,'Ci(j aitil set of thui, amliahsis-to esatblish, inisoftir its i-, praictictable, thie

Zi'Zz=(l12)Ziyic, ZOZi'~)there results fromt this tpoflwso-etritd III this coniiection, it is cont-
equtationi veiiien t to emiiioy thle hypersoic simiilarity p~aramete'r

ZIP - Zip pU2 r u W- 2 6i2 ( i(ue. the liodumetof the Ilight-M Iach inimberan aitihe thickness
Zi 'in, Zu~, ~ijp~ L~i0, -a i )I r a. of body) i-m mc surigsik. III flows chi-an-
601, C2,L60, ()u A (4teimed In v aluies of thke Itypersoitic siliflarity paiinimlter

1i1 all analogouis mnanner, there is obtained front equtation (9) simiall -comipared to 1, that is, flows inl which tile body- is
the relatiotiextremely-slendter and -lies close to (t(, iaxis of the Maclh cone,

thire-s-n~ttparim~easuito believe thet. the lintear thieory
()p_ ap =_ _pU2~ will not-lie as tusefuil-ati -lpr~ioximnatie method of calculatiotn
WarO 2, jlp-_-j2~ o(Z',, oCZi I I nte tha lh-t exrmtw mi,t itonly divtives In tthe earaeiitcirec-

Sifituock wals e uputnt. theapjeojriateobibue sock~ equations are employed, to locupectt, s mointi oit by Coburn tee
t
. A9).
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as at lo%% SupersoniC speeds. III flows chiaracterizedl b3 values platie, be taiigeii to this streamine and iiurial to the( stir-
of the paramieter upl to about 1, the seconil-order theor3% -first face ait tile poinit of tatigcncy kthe origin). The X-Y plane
enunciated by Thiseinatin (ref. 21) for airfoils and mlore is thent, of course, tanigenit, to thie suirfacc-at tIlls liolut. Ob-
recent]% geneitalized to threeL-dimensional flows b3N Van )3 ke ber% ing thle lat-term in tlie brackets onl :e right-hand side
(ref. 9) and Moore (ref. 22) should prove a useful apliroximia- of equation (22). it is noted (see-fig. 2) that-
tion. Oin the other hand, for flows about more or less
arbitrar~y shapes, there is apparently-no app~roximate method
of calculation generally applicable Withi engineering accuracy
ait values of-the hypersonlic similarity parameter appreciably .

greater than 1.
in thie limiting case of indefinitely high free-stream Macli

number (and hence similarity parameter) and a ratio of -

,specific heats equal to Iwe have thie Newtonian impact
theory (ref. 23) and its refined counterpart, accounting-for
centrifugal-forces in thie disturbed flow, dlevelopied iirst-by Finvaii 2.- -Divergence of streamaies in tngent vatte.
Busenmnn (ref. 2.1) and more recently treated by Ivey,
M~unker, and zBowen (ref. 25). The-iinpaet. theor~y liasheen 1
emuployed- Withi somte success-b hy-rimninger_ VWlillims an11d ~
Young (ref. 26) andi others to- predict surface pressures-o win 'i i rdu fcrv ueo-h ln onlt h
bodies of- revolution at values- of tibe similarity' p~ar'ameter ohreriis of-sraies i te f-teplane, nrand toasilg
appreciably greater tlimi I, althlough =it -should he remarked projectioso temie l ieXTpae n asn

in assng-hatthi suces isin-aitat-leat fit ~ throughi thle origin. At ( lie high 'Maich numbers wnder
perhaps -is best- evidenced by- the-fact thfat thle more- exact considerat ion, thle disturbed flow- field-is-confined to at region
theory (withinl tile framlework of (Ihe underlying assumption of small11 ext cut normal to tIn'.- surface -of at body; hlence -it-

ofZt- ,7 >1 o Bseiainiscois~lra~l lssacurt may be expeetedztliat r' will be priauarily at function of- body
undt (er corresponding circumst an ces. Ashw nrfrne7 shape ai'(' attitl1de- 'lhis beiiig tile-e it follos the
nieithier mle-etna mat ior tli Bueanter that the termi(f P1 1'' will decrease inl absoluite

111))13-the ewtoiaiiimpct. e Buemnamn teor3 ni"nitudc with-increatsiiig Maclh number of tile flow aboutupywith-goodl accuracy to airfodls-except ait viilues oftie ,
similarity-paraineter quite large comipiired to 1, correspoid tiie body -Consider now tIn'- terni (b651o)(I - D,,(1 -I- ).
ng, for exaimple, in thie case ofz thin- airfoils to Ilighit -speeds .ecti- of 1 wereln il tie r -iu ofll curvatur
considerably titi excess of thie escape speed lit seal level. of thie pIn cto ofasraiieiiteA-Z-ai md

I'ermap-th foeniot siorcomi~n~of-hiee teoris i, hw.. by realsoninig ianalogoius to thia used- ill- considering r', is not
ever, thant, irrespective of the shape to which they tire applied, expiectedl to vary signiificiiitly3 with Ailach nmiber inl the
they provide no itiforiatioii-omi thle structure' of thle dis- (list urbed flow field. Lae uis assume for ( lie iioneiit (liat
turbed flow-field whlich is, of course, of finite extent adjacent the quantity' (I I))I(l 4 D,) is also relatively ind~epeiident
to the surface-at flight Mach-iiuibens p~resenitly of Interest of M achi number. With t his alssli)t ion, it is clear tblit
(say Maclh nu111nde less thli tIle-esealie \Icj Imuhillei' itt equation (22) -alplrouiclie. ( lie equation for two-dimenisiomial
sea level). Such imformaition- is, for ex~ample, Important- to flow ats (te free-st ream Ma Ich number,-and hence the hiyper-
thie determination of the( flow nboutsc!)it rol surfaces iimd-tie solii mnlrtyprnee of thle flowbeo sligecipre
like wvhich-mnav be located inl t his-field. to I. Theii compiatib~ility' eqttitois -(eqs. (17) aiid[ (JS)) aire

in view-of the p)receding dliscuissioii, it seems clear tliat-ii affected inl a-simlilar m11iniier ; t bus it is apparent( that t(lie
tle high-supersonic-speed flight regime, at need for iml flow When -viewed iii -(hle X'- Z plane -iapplroachies the two-

applroximnate method of anatlysis-lies ili thle reiilin of flows diinsoilyie Inhsceowvrasswniirfr
dmaracterized by values of thie hyper-sonic similarity psaixi- ece 7, so bong ats the 'Ma ich niumber and ratio of specific
t ter greater-tliiii 1. Ani at tempt- will thlerefore be mnade to hieats of the dlistuirb~edltuid tire not-too close to 1, D, is -imiall
obt aii -amethod inuet in parit of-this need, at teiition-bemmg coimpameid toI, and-hice thle flow appoaches [ lie generalized
focused -priniaril3' oii flows characterized b)3 lairge viilues -of Pluiltl-t eyel type~ (i. C., flow ill Which pressure amid
the similarity piaramieter. T1o this-end _ it is comvemeitifirst, inclina tion angle are approximately coiistiiiit aloiig euirved~
to empfloy equation (14.) rewritten-in- the formni2 frst-faimiily MaIch hines). Our flow equa tioii miiiy thl be

wr'it teit

~ ~ ) (2 _(24)-

wiihere

DzzbI~U 23) whic it is meureIl cIexplicitly tli
I6 >> (25)iNow coiisider for thle momnmit a-suifiice streaumliiie ained I> - j(6

inl the x directioii, iind[ impose thuerequiremnt thatt t lieY 7 itX-Ztntnt itInim mlw~'xm~stoudo fM Mbt
jThis mtvibo mteto is Ita blvu~k ptkoutk-tn the mOltpttouk .1 T 0 kooktk Soil to tijo 4, ttt titt Ok tie kit -t i 'lt l)ttt 1i4MflItt txton,nt ita, -t 1t,'fltd to I ""m O'Sk

mIl;oknon re'oktthat UK itdotikod how &Mki ts wnfiith wit otl tota tctnatitot ot*Oaktthtt 0rt 2,. Ittot,t that kbitst to ctan teO'kil Ltmttdtot to threr-dtivzooh
tto Qm el a oo'iy. do o lo iZitttrceite eioih it1oo
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or, in cffect, that disturbances associatedl with the divergence or, inl ..fct that coiisisteiit %a ith eqfuationi (25) geodlesic lilies,
of streamlfines inl taingent, planes must be of secondary ini- canl be treated-as-surface streamldines. With this iiiforia-
portance, compared to ',)ose associated with-the curs at are of tion. %c tire enabled to construt t the flo%% field-about a-body,
streamlines inl planies nornial to the-surface. Upon closer having once determined, for example, thle flow inl tile region
examiniation it canl easily be deduced-that. this requirement of the leading edlge (or- edges) thereof. This-result-follo% s
stens directly from ithieconitinuiity equattion andit the condition since at geodesic line, and hence at streamline, on thle surface
fhat. it be of the two-dimensional type fin the X-7, plane (i. e., is fixed, pro ided its direction at anly point is given see, e.g.,
L'tV >IIil q 10) ref. 28). With -this knowledge of thle location of surface

5Z eqb 10) streamlines, flow in thie planes tangent thereto ainl norald
From~ these considerations it appearS that thle conIcllsion to tile surlfaceMway he calculated approximnately iii the relat-

of-reference 10 thant iiN iseid flok% along-streartlimes doi- tively thin -region butu~een the surface and bounding shock
stream of thle nmose of notnicmned boilies-of revolutioni tra~ ci- wvaves, using the getieralirzed thuck-expamision miethod in the
ing at high supersonic speeds mtay-be of thle Prandtl-Meyer e ecrbdil eerne7

- t.ype ki regions free of shock wa~ Cs) apiplies also to other A partial chieck onk these obser% ations is afforded byv stud.N -
steady three-dimensional flows. It. is true, too, tfainII tile ing thle fiou~ about-a. swept. airfoil. lit this case flow at the
lttler ease, just as inl thme formner case, this, conlulsion is surface Inn) be calculated t itm good accuracy, using thle
consistent. i %%itllh meto the thbu es nsmilaritl 8 sliuk-c.panIsiiou Im ll't hod ill colibimia tionl A ith "imleI-sweep
law for steady flow about slender shapes. theory. JYor thin airfoils (oin thle suirfacesof which tlie

One question remains to he cumilsidered, niamlely, %%here dlo appropriate geodesics hame esbnt ialk thle direction of tile
the bircamliies go mut the disturbedl flon ? To clarify this free st ream) the generaliz.ed shock-expansion iethoul of this
mialt ter, it is coiflenient, to-btuidy further lt,, Implicat ions of( Paper redues -to -thli slenider-airfoil inthutbd of reference 7.
equation 2.) For this purpose wve comtbine cetuatiomn k25~) husjin this case, it-is e ideiit froiii the results of referenke 7
with time transformation equation thant the generalized method will predict surface lpressure

coeflicients-in -error by less than 10 litrent, lproviding, thie
6- = y (i I.. comliolient. of free-streaml Machli number normilal- to tile

~)J 2 \('mv ~leading edge-is greater thman about 31. It is-of -interest -also

to btinthereatonto consider at thick air-foil to ascertaill tile akccumacy~ With
to otair therelaionwhich this -ei Imo .pplies to flow' with app recia ble, eil va t ure.

~ 'To this- eod, surface pressure coeflicients and streamdines
Ox -V~ (206) harve beein calculated foi- a 20-percent-thick biconvex
l>V l-ti airfoil (a.xr niec)swept 0 andl opieratinig at Alaeh

From this relation we dleduce either that to the order of a m tnubers of 10 andl( infinity (-Y= 1.1). Conditions ait tIme'

nube (uraur) mal oipret-o2.AfA-1jo6j lendiing edlge-were, determinedl flonk exact shock-wave rela-
iuiinber ~1 (cratr) ml cmardt t iomms for both mlethodsb. Thle results of these Calculations

are lpreseit edlin figure 3, and it is ob~servedl thattm iicpruure
(27 (ist rib ")ut -( i (it deerm IinIed wvith thle shock-expasioli method

-lv W for swept, airfoils andi(lie gneralized shock-expansion imethod
or tliat are inl reasonably good aigreemient at both Maclh numbers.

~ j~AThe streamslines-are malso Inl reasonably good agreenicut over
O~x Oct,~1~i thie forward-port ion of t(lie airfoil, al though, ats would he

aiil (28) expmectedl, soiiiewiat poorer results aire obtained over tile
~I I afterportion. Itzis iiot surprising, iii view of t lie-underlying

,()x! 1 lQs assummftionms of the generalized shock-expansioii method,
that it is generally nitore accurate at thie highiest M\acu

IEquiationi (27) implies vcortical flow, however, which type of nuon11bep.
llon cannot he treated bv time present analysis sice eqtuaitioni fil the picceunog diuisbau1 vimmcumitamIS mes ddue
k25 is %iolated.' Eq uatiou (28) is tlikeni the req uiiremnit Coil- Ine n i tclia ihsupeolesed io
sistent a iti t(lie basic assumiptionis-of this analysis. Comi- he-ieso a llpiifes could he conistrluted approxi-
parilig thle relations of equait ion (28) a ith the tranisforinat ion lhatel3 , uing theV bl.ic tools of tA o-dilmieie,'1omiiih sup1erooi
equation flow analysis, minmel3 , the oblique shock equationis of

bA Al () )k___ Rankine and-I higoiiiot and the corniemr expiaisioii eqtatioiis
()x 2viifl2-1 ('l C of l'randthIand s Ieyer. Several ios5iblo exceptions to these

eircimstaimces inneuliitely coiie to wuind. These include
leads omme- to time coniclusion, however, that collical-tbp li lo 0 ad lo ink the region of the tip ofiiun,

or lit the (I Scotttill 11011 junceture' of ii wing" and body, to
(2 9) mention a-few., lit such flows eqluiiom (25) umy mIot be

satisfied, ink which case two-dimeinsional flow' ill planie.,
I Tk cndptln I Iittulalyevidont In ili mw of pure vorii[C3 flow, or ,A) votI5MI

SMre %Ith AIwtnie~nmce4d urnifotrm stmrm dirtelrlrr ie~.o irece dln heAa of I I in I~it ifr.Srrdt~n~ zvofsrrnf..rl jsanb~pj sla~k %-v obj irrnmhtri. l hanr..
Mete 3uia'tu , ihe ,roMIreq. In (Nire~tiimrl,11 lrelom Aedeirkrri 41wrca" . and Iilooe ermuailon (21) eertinyioi riot 0 follow from (iuai~l n 72 l s of oif n-ow liorecionr irnmliati foiliwiof lire owii niq 'r in 1lv,'s
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njormalII to a surface canlnot be eXpected.5  It Miight be p is- - __ os i OY1 (3)
realsonied, therefore, that these flows-cannot, inl general, he ot ,.Af-ii~i (f2) .,'CY Al:'
treatedl by the-proposed methlod. This observation nmay be
correct; h owever, inl one case investigated thils fair in 'this thuis yielding 01 11 5+,l A
connection, namely, flow inl the region of thie nose of non- +5- 12 ,& 1 6 (31)
liftinig bodies of- revoluttion (see ref. 10), it. was found thiat A T
althlough-equation C25) is tintsatisfiedI, flow along st eandIineLS It, is evident. that equation k3 1) enmbraices equat ion k23) a
is nevertheless -of approxinoiatel (lhe Prilndtl-Me.%er type, speclil casev a1nil I hat ]'raI1d tI-Meer (10%los obtains allonig
Th'Ius we are -led to eXpect thnat p~erhiaps a less restricttive stIristi~lili('s if
requirement than the satisfying of equation (2-5) many be os I OA (32)
imposedto insuire tha flow along st reamlhines is of t his type. .1 ai
Such a requremient is inl fact, easily obtained by reconsidlering to (li ode of a 11uiniber simall eolpl-dtoequation (22) inl the form to thVoprd~~y-l

T1his- result iniplies, tha al though flowv inclination angles tire
Unflnt. jitkflo hat jaiii .iI i iiatt.to noIOiiooluiejLioo ~ i.O iot iicessaril.N constant ailong Ci, lines, pressure is aiprxi-

i'ir,, yiot~ 001 Iimil to the nufat. inately constant, (see-eq. (17)).

too - 08 o

\8 - --- - - - -

-C/ _
60 - -

0 to) 0

-- Sok ioosion metihod
Io -DO- 08 for $wept aifoils

Genraliized shock-exponsion-

/ method

-1 - . - - -I t -

240- D2-'~ -

0 - -021 -
0O 4 .8- 12Q 16 2.0 2.4- 28 '0 2 -. 4. .8 10

Sponwse-slotion, 7/c Chordwise station, i/C

(11) M, itJ
(b) M.w

loui3.Cuoopari,,vii f olitfilce streniloes andl jores~kire Jlot riij ulls calculated iikt tih oi'-gfilicrali,.ei .,lck-oujianiowiit&uiI wid~

tifo 1lock-expaliojou: imcttiod for iwepi airfoils (bjieoxocx-airfoil,-eciik, thiicknecss ratio -0,.2, s" eel anglev -Oti;.
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Itis cear that tile incereased geiierablti Of tile abIove reSult. Simplified two-dimensional theory. It isrecalled that-the
hn$ beenl Obtained ait soicl ex'peiise ill Our kn1owledge of thle essetitial simuplification Ii our treatmnt of thlree-dimenional
streaine flow patterni. For example, it is not nlow mldi- stead3 flows derived froml tile falet, thait dhe3 often -appear
cated that (within the frainv%%oik, of this iinal, sis) -surface loclh. t% o-d fimeiisionial mlid hieave t lis ('an1 he t reated w itlh
streamlines ina3 -geiieralh be t aken as geodesics additionail tile generaliz~ed Sliock-expaiisionl hid hod of reference 7. III
k lnow~ledge of te flo , ust be hald III Order to determine t(lie follovv lst iid of iioiust ead% flows we AJi jirolit front this
these streainfittes. If they aire kno%\Ii, lion c er, ( lie calvola- experienice b3 ant icipatinig thaLt (lie desired simplified tlieor.\
tion of thie whole flow field is nateriall\ facilitated 10 t11( is againi this shock-expanision miethiod. Accordiing3, our
above considerations. problem is redlucedl to (t( of (Icteralining thle conditions

Thius fait otnl3 stead floi s- hame been coiisidlercd. 'r'ie under w hichi th lietdhod canl bet applied to the calculation of
next prolemn is to exten i tese considerat ionis to nonst &'idy iionsteaily hypersonic flows.
flows and sonlic-aspects of this mnat ter will now he dicse. One condition is, for till practical lmurl)(5ws, self-esidelt,

namnely, thie local M Iaclh numbheir of thie (list urbed flow-mukst.
NONSTFAIIY FL.OW be everywhere lairge comiparedl to 1. rhis rqieet ut

,rhe miet hods of auiia~sis inl tihis casbe are cut irely anailogouls Mnanifest itself since, otherwise, ioimsteady disturbances
-t= thiobe eiiiplo~ edl-ii thle 6ttaid of stvad'h flow, thle sInjgtular created an1 appreciable distance upstreaml it il'or-dowmist reauIn
vonti ast iiig-feat nre being ilhat tlvri~ ati' s wiithI respect to of at particle could significant 13 influence its biehavior inl thle
timle-in equations (I) -through (11 ) cannlot. now be tieglectedJ. disturbed flow field (see fig. 4, niotinig that ill case -of- thick

--Wit-tiis-poiiitin mid, Unix fiertiiieiit results tire dliscassedI bod3 , particle 1) is influenced 1). distu11rbancies originlatig-in

-below-. p~articles at anld C) and this situailtion would preclude the-pos-
-Characteristics theory.-'I'lIiucomnf~xtibihit3 equiat ions relat- sibilit(i of Prandt l-M ('3cr t3 p(-flo\i along pat lilies. I Lfol-

Ing fluid properties alonig Machlinhes iua lie %i t ttii it lows then lict the shock-expansion method cant-be -applied
follows: only to thin or slender shapes (i. e., shapes producing -flow

()p -Pu ZIA I bdeflect ions smnall comnparedl to 1) tit hypersonic speeds.

bt F~~ { 4=!t(i+fliei p) disturbonces
_,c oted in Poricko e '

=W 010-712 ( (5AItI)i} (IM3 ~ b ey Th bo___ h dy

op.~ +P1 Shock wove---' I\-

Fimeur 1, -Prop3agationi of iiou.vtercy di~iuioiie iii ftow-atatttivk

pill of Il(:34) With hisli requiremienit ill niiiid- it is convenienit to rewrl o

Trhe dlelinitioa of the( X.Z planie ats the osculating plane of at the complat ibility equat ioins (:33) aod -(34) ill t(lie forml t hey
0~asm 1111110When !>> I. rlhus witil slight rearranging we ),ave

pathline (strendiine inl steady flowv) remainis as before, hence
eqpuation (19) still applies inzthe X-I' plane in tile regioni of b p -P&t 05 1 ba I ba f b\-
thie-origimu. rile rotation of-the osculating planie iiual varia- +1, a t ! oc,+ 6 O1 Y Ala OrJ

tionl of thie principal curvaiture of a1 patlilne with mlotion aind
along it are now, however, obtained with thle aid of thie op +1 7 oP1 j 5+ o I oA I ou)
iclatioas -c _t Iih1 _+C~~ A! &Tf

I I lop\_ Ia
;fXh

2  PU2 a '._ } Mw 5 " Now., consistent with the requirement Af>I, thle terni
and(lIbI1 2)(6xiI1f) Onl the right, inl these equations canl be
and neglected bky complarison to thie otlier termns. If, in adldition,

d's ( 1tp '6 l 1) ( 16 (36) ) we (definie (after eqf. (37)) the derivatives

where i d4

These el6t~i ,+'3737) iit

TI~seequaiol.-arc, basic to chilacteristics theory inl its
applicationi to th11ree-dintension al -noiisteadv flows (see ref. and note t hat now
20). hlowever, -asimi thle caise of steady flows, they call best.-
hbe-ealifdoyed for Our puliloses to obtainl1 ipi fe metho d1( 1 d
of-calculation, dt 2 (I e 1028
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grad ielnt-aIlong it aililne-iui the-following fornm ede of the airfoil to (le point. inl question. Tlhe whole,

rl ~ 'S emplokying thke generalizedshc-xasniutho fr
-rf )ill it SeCz-of plantes located ~mI)

dar7 A! j j ' j !f/ distances lipart-iltilite. 'I'limple serves to emlpha1size
t~~~hat, inl genlerail,1the ti hue histor'y Of filuid celeents muIIst-)e

lin is aalgls0, h-tad lw tha is i. h kilowii, a t leiist-to thle extenit of lixitgzthlei' init ial flow (lircC-
dspwU, -t iol find entropky." It is tIlso evident thant ligaili, as ill the

e~ cut- thie-tvrm-(1,I) @) isicgligile inl this expression,, case of stealy -floi , tile general results of thle analysis are
- may 1) consistenut. with the predict ions of the hypersonic simirityv

may be identified with (listuIrl ires reflected -from law for n1Onsteally flows about slender rela ted shapes (ref. 5).
shock-waves inl the flow. Just- is III thke caise of steady flow lThese considerait ions complete our -general treatment. I
(see ref.-7), however, these tilceddsul~ne re of very inviscid iypersoic flows. It is apphropiriate to tun next to
sinall-strengt h bky colularnson to the incident disturbances eftsof-viscosity as they relate to thel hypersoic boiundary

when Ml> 1 mind so du1 must lbe smlall comlpared -to 1. lyr

Proide.-hel, tatVISCOUS FLOW-THE HYPERSONIC BiOUNDARIY LAYEIIX

-1 f Tile argumnts lireseted -here fire concernied with -the1 steady hiypersonic botundary layer, and they will be, fom' thle
>> ~ m '(9 iost part, physical.tm  Furtlicriore, they will appear as

Itr natural extenisions of conclusions reached inl our study -of
inviscid hyper-sonic flow. Let uisreconisidter-, then,the motionI

eftuation- (3) niay-b1) written 10 of thie invisciditluid. We hiave established thalt this motion

d)1) PO (1 is, under certain well-defined circuinstances, confined locally
-(40) to pilanes norinal to thll surfiice of -a--body and tangent to

whih rsut iip Ix,cus,-rmitMerflwaii surface streamlines. Correspiondingly, there is io sensible
l~mlliliies.are onlientuim transfer across these -pilaines. Now if viscous

it fllos tat quaion (39 sifliiemt~cii- forces tire setiup-in thie ilow bouuiding-the surface, we recog-
(litiolls under-which t ie, generalized shiock-e xpansi.ioni-miethod nieta hywl c orsst h oino h Indtu
*iiii lie used to calculate nionsteady-hypersonlic flows. -ieta bywl i(torsstl oino the , dthse

Wheii these conditions are-satisfiedl, we no~te, bky analogy is, the iiot ioni-ili-the nlorimal pllanles. Evideontlyten . l-e
to tle sendrflo cas, tht tie Srfacs swpt, forces act, ill- thle s$itl pliles of- local two-dimensional -1low
to he teay fow ase tht Ptliine-im th sufacs-sela as tile hiressilre forces, and it Intust follow, of cilirsv, thatt

oit by elemtents of fluid adjiicent to shapes in nlonsteady resultamit. changes inl momnent unv of -the fluid iilso occur in
notion are-aphpmoxiiiia t ed by geodesics or, even sinijler,liiies these pdlanes.
of curvature-of- these surfaces. It is fiot. to be iinpdicd, -of Consider now- the changes inl energy of-tile (listturbed fluid.
course_ thiat1athlimies must iilways be suich cturvcszin 0rdler ihsecag-aiberohtbotyvsouordspa
for fluidpjropcrties to behave as in -Prandtl-Meyer flow. lii Thee work-pressurl e w ouht covcinlit ~ l heatou odueip-
fact(, agiln, just ats inl the caise ofzsteady flow, if tile condition tion. wa-pes ust fork, h oevet, -ad hent ocong

>> Is antisfited ma ther than thle second of worl, act iii- the-nornial pltnes, lieiice -wec conclude that. till-
ld W, May correspoiidiuig chianges inl energy occuir inl these llmties.

qua t iiomis (39), 1)"1 t liiies aire not(. necessatily geodesics- (or Similarly, hepat-is-convecte cill the-normal planes, sinice mlass
lines of- curvature) even though the first of equations (9 scmvce nteepae.Fualw oild is ht
aid-lience-equat ion (40) liolds-along-these lines, heat is coiiductceh Iocallir inl the normnal planes iismuchias

One motestliat within the -frinmiork of t his approximlate the temiperature gradients set tit) by thle aictioin of -viscous
analysis, the-calculation of jimonsteady flows at tile surface forces aie-com~tied primiarily to thiese, planes." Evidently,

of slender-bodies triiveling at high-stipeisonic 51)eeds shold thenl, cliges ill energy of thle fluid lifa be treatedl locally uts a-
iot pro'e tindulyd(ifficult To illustrate, consider aii oscillatin~g w-iiesoapiumnninl planes-niorl-I to thle Surface
airfoil as shiownm iii figure 5. TI'le pressuire ait iity poillt oa iolys
amiong thle pa thiine sliowu is readily deduced by simpi~ly

Airfoil o1 Ime /2 . Shock wave llow"a i than l. rntroiiy grndleniin the diluziA' flow can freluenti) henextoctej. -ilh

_Ovechon of-rotation c*. p T, "t, 29),
Pattiine 01-pal ide striking ~ ~ of ailfoil Althoulth act emotetl. wmr,'mndinz irmilknutlenI aramritli me h, broi orn ori

leoidinig edge at limne 4~' ~usngth iti, r,5iok" and cxw,-on ,-oI6,n and thlmnl fOilllO'-)iitlm tlinwobtattnrd
Airfoil l ime 11 f. It,, hIs i,,lla'tnl. Io'. ), 3 hat o rvnut mjl lay 4~,4) .11q.) to no loftl tbOimdylY,,Yt

11 htlation, slid Atbnonilon inal). of cournw o. n rniltl to (i m rrcine.l~m,
]Tmouio. 5. Oecillatig airfoil il Itypereoiic flow. 1i It beyond llwmwor~l 1M papr to omilder lemiwomcna

n Ono udgt ronroiveofv titr, tompeJlr talr'1r0 br~eft lumedat3 ith, alli boundiry

31,1 mort general than Me~ corresp~onding .ri.lo, 9errnn2. Aonr-,urn m %W1141 naturally tnattdate (till nrroment,



TWO-IIENSIONAL APPR'iOACHi TO CALCULATION OF 'IltEE-I IM ENSIONAL, 11YPE IISOXIC FLOWS 9

Thus far we have been concernedl aiiily n itli forces andt do njot intersect cait ot her fire the nicridianl liles. III
their relationi to tile momenti mi ad energy of the fluid. addit ion, t in( meridian lilies fire tile 0uil1% geodesics 8' lichl,
thke ques~tion of t'oisenling mass remainis to be invest igated. like tile at reamlilieb, pass thlrouigh it. lie rtx. Whien thle
-It x ill be recalled that tlie rciqnircineit of coiiscrlat ion of sliock-expaiisioii met lit A is applied, then, .suriface btreanimiiies

Mass Was tile essenitial factor which deterininidl liente are apprloximated b lieridiani linies. Strit. spealng
generaliz.ed- shock-expansion method could be employed to liot iv'r, t his approximiat ion is 'i ilid oiiI ill the case of
calculate tiiree-tlimaensjonal flows. Tilis requirement is aK<<1. (it is, of course, ala as true, inidepenmdent of (v
physically (anid titicntial~)te samle, inidependent of onl the extrelue a mdntaid and lee"aid sides of it bodth.)
a ledier or- not, Visco us-forces colie inito pl*N. W e coiclude E~ ident]3~, theni, the gieiiiraliz'ed shul-expansion miet hod
thli that for thie purposes, of tbis study, equtation k2.5) can lbe t.0iild be applicable to '. iieci boies of rel olit ion uiil. tit
Used to ileterinc)ell the thire-dimiensional btofudir* 6% cc siitll angles of attack fi floes clutract eri.cl b.% af alue of
(tanl e calculated a ith t -inmsoilequai ionks. Fromi the. li~ personic Kimuilaijt paralmietel greaker timi about, 1.

ettuat ion (25) it is indicated dm h oidr a rmast be The procedlure for dete-Imiiiiig fle% couta tiomis at~ the
bagl ypersonlic if this calc ulation is to lie permissible. ufvo ltigbdiseuc. algusothtV1-

It 1,slnot to- be imfplied, -hic c~ ii, thlat thme bouiidakr la. ci- plokied ink (lie application of thle m-xaiinnethiod,
ala alVb -becomles two-dimensional, as Onl fil airfoil, if the to thle 1iomilift img bodNi (rCf. tO). TJhiis, it is assumed diii ,

[I ainMiiiiiiimmier s adeext cichlarge. 1'ort-miiiple, die flue ait tile % emtex is the same as ()iil foi a cone taligeit
inl- ie ease-of-axial flow ahbuiit the right circular cone, nj na- to th lie toiat t his poUint Will, hence, mat be ileternired
tioii (25) is-i iolateil-independent of Macli number (jimst as fromt existing- comiieal-flo%% theom. ksee, e: . ref. 31 for
a ith 1iivisciil floe% anid %%e uist uise somethinig like tile mnoderiate supersonic. 'Maichi numhers aiid ref. 32 for Iiigli
M angler transformationt kief. 30, inl the boulidam? *a3e ccuipersoiiic Muach numflbers). M\ ore 5lpeLificall% , thle M achi
kihculationls. -Oi tile ot~lii hiaiii, if tile body, insteaud of num11ber lit thle % ertex iunder die oct ical la~er" '' iam be
b)1111 t onical, is-4-url ciii-the sraiiictIothiciiit is, Calciulateil b) nmealis of t ie peitiiiei iiua-le-Cpsiol
1iditiated that the homdu li cfloe -shoulil approach thle iii reference 31 or referemice .12. rhe i iaiionif a tmaia

Laodumieisona- ype-ait-in icasng\ IatIiuniibm. iiuimiler lile nalreami of dile ert cx is ihen obtineiid lj. maicas
T his discussion complletes our argumients regatldiiig tile of thle Prammdtl-.Me3 c amigle p see, e. r. ief. 33 a lielk inl

tao-ihuncusinalt o li cedimnsinalli~pci sonit floes% t urui is deterimici frouii i1 lie50c:11'0opK piiilireai
Attenition is turned niext to-it praictical appJlicattion of t his
'onctept. I &+iPA=65n+V1 (41)

API I ATIONzOt" THHORI TO-BODIEs-OF RtEOLUITtON IN uliece A1 anid B aire ihiffreeit poiiits oii dile iimemeridin
STEADY FLIGHT line. Since the flow is iseltrlopic ill tile Winidwiard plane of

symnietry downstream of t lie shock at, t(lie vertex and aronidThli critical feature of this application is tilie analysis of tesifmeo i oltlepesr itiitin~u o

laherm si lout iie nwitw-iinionisi oiidiy. efficient forml) is readilY Obtainable with ile aid of tilie expres-
lalci oluion-cali lie readilY employed once t his fleaw is il

kiiowni. Accordingly, tile -following (discussion is restricted /(2
19 ilie uiviscid-flow-lproblemi. hi(42)rha ilag

o -i was shiowii- proviiusl inlti ae hti ag
klass oU 11i3 frsonlic flows a liicu fire basicall3 three-dilieu- where p~jo is tie pressiure is across tlit shiocks aM (lit.
'uial cail be al1culated -4a iti genierailized shock-cxlpliision vertex onl titla imla intl slil of lie bqud% anit1 ,i ieltiiiiitet
mueotl which-is analogous- to that emloyedil iii(feitiie 7 from coil mcal-flowt tlmeor% . The ratio pip, is gi l n
foc-stimiying-floe' abomt-airfoils. Specifically, t his treatment
is-perutissible wvhentdisturbances aissociated withi(the diver- r y j-
g~ence Of streuulinles-inll plnes taingeint to-it sucfuiece-cimi be p + 2- !.(3

cosdrdne~flicible-comnpared to those asociated willh the p. -y-
curvature-of-sramlue nnliisioriial to the surface (see L 2
eq. (25)). -For the east' of- rionint'lined-bodies; of revolution where Al is knmown fiom eualtion (41f) iinii Al, is thle Macli
wich are ctnvetlzin-tlie stream direct ion, this reqtuiremlent is Iimeiiiieitel(Iwutenioteshcoitle ii-
satisfied w~hen -time bypersoniec iuniliirity paramneteir K is Mumird su eitevwntem of thiehol t i sehtex miid, lueuc i lso

-~~~ ~~ i'at-tiu-aot. sI ae -ref. 10). Foir wariiihois~ di ideu of ie y l'o it tile riex hne.i as

-additional restrict ion-is imposed. Thlis point -is p~erhapls best
clarifiedilby considering thie problemn of calculating flow it FLOW OFF TIIF SiliiiACP

thle surface. FOATHESRC Floe' iii iieridiain planiis aroundt bodies of revolution may
FLOW-AT-TiE SURFACEbe calculated by thle genierailizeid sliock-expusioii method inl

It follows from thme muiil fla atial. sis (fit %%beitiitlt much tlet, sanme manner as thie lpro( eturi, ciiilo~ ed- in refer-
geineraliz'ed shock-exptmsion meethitd applie. ti tile megiull - ce 7 for flow about airfoils. Poe cu cc, thle appilicationl of
dlownistreamn of thle vertex, surface st reamlines ciin be tll ltiietlaoi is sonuewbat more coniplicated for thel ciist, of it
appJroximlatedl b)*y geodesic lines. Thle oiily geodlesics onl ince a vortleai lacer CAS Aroundl ithe body SUrfU t the i~Vetex (see. 0. g, ef. M3Ya
the surface-of-a bodly of rtevoliition which, like streamlines, ,onicaWet mieen al ex oldwnmietm otevetex,
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Thuls fill we' have liccit concernled 11iI %id ihtforces and do 110t, ititersect each iother are t he meridian lne. in
their relationi to tile Inloillelt(11 ntil( and enegy Of the flulid, alddition, thlu mer0idiani lines are the otil3 geodesics w~hich,
[Te question of cousern iig mnass remiainls to he ilk% estigated. like thlt st reamiliiies, paiss through thet-. ertex. Whenk thle,
It a"ill be recalled that (lit, rcuiretmnt of ouserxat ion of slaock-exp)w tiii met hod is appiilied, then, burfacu 51 rvatiiliiies
iass a as the essential factor which determined a henk tho are apfprox~imat ed b3  mueid ian lines. -Strictl3 speakinig ,b
geicral7.ed sliock-expanision niethod Could bie emlployedI to how cier, thins approximiat ion is %aliti 01Ill3 inlte Case of
calculate tbiree-liieiisional flows. 'ThJis requiremrenit is aK <I. kit is, of course, iilw as trute, Independent of (I
physitlally (arni malfthemat ilcall / thle Samle, inidependlent, of onl thle extremnea %iwii d aind lecu~ard sides of at bod~t .
a% hiier or nlot -1iscoiis forces Come into play. Wie toncitle, Es idtialiten, the geiieralized sliock-v.\paiisioii iietlioi
then thatfor the purposes of thlWI1 u3, ciluat ionz-25 .att n , hould he applicable ito tursed bodlies of-eiohit ion uonl , at.
usod to deterimnle ")tll the tie-linisoilbtuiidar3 layer smuall atigles oif at tack inl flowsb VIIlliit eI V.ed- h3  It salie of
(11an be Calculated a itli t m'-dimlensional equtal ios. Fromi the hj pcrsonii siiiiiliirit paani: greulcer i liii -abiit I.
equlatioli k25 it is ide iateil thiat theV bHoiurYzla3 er niUSt -be lie pirocedure for deteriniiiiii,g flow conditions a i thet
liigeli Jiypersoic if 004 (alculat ioul is ito be pci issile. surface of at liftiog bods is cut ire aiialogous to that Vill-
It is nlot to Ill Implied, how tier, that, the boundary layer plouied iii Ole aplicion m of t(lie hcke an in et hod
la s becomes taodinisoiil a l onian airfoil, if the to tile- iionlift ing bod% kref. tO). Thus, it iszassuued that,

I ca Mali uinhr i mae e~renelvlarge. -For e~.iliple, die( fltiw at th liecrte.\ is thle samei as thttfor-a-colic I iige itr

iii thet case of axial flow% about the right, ciretilar Conic, Cequii- to tile hodl a1%lt t his point iiiid, henices mimals be doterlaii ed
t ion k25j is Niolated inidependtenit, of Mach liber tjust ats from existinig (oial-flou tlieor3 ksee, e. g., ref. 31 for
a ithi ln iscid flow) IIad we mlust- uise, soirethlung like the moderate supersonic Mt ath iiumbers aiid ref. 32 for ikigh
\ aungler transformation kref. A3)i li h otinlari--layer supfersoniic 'Mahii iitiumbe)Lr. More speiiflt'ai , I he Maciili

t alua tioiis. -Onl the other hanld, if the hotly, instead of- nuinber At( the %ertex uindter tie vort heal - a3N" cIll!.\ be
h. iig tonical, is vurn ed iam i stream drcio,-u it is Cialculated b3 flieuilis of tile pert mient coiiical;Iow4'1(m sioi
ilifht ated that. the bida - ii~e low% should -approach tile in reference 31 or reference 32. [h(e iiianiin IJ mlaoh

I.ito iiiiijiiilt p a ti increalsing 3.hth tme .Oniier dow isi reant of lie %vrito.iiue h amx- inca is
Ti s discussion completes ur argumlents regiirdiog lie of thle Praiid I -3.e.m. tn iigle u' Isee, e. g., ref. 33 a% filh inl

ia -d~iiuiiuualt~of thie-dimeuisional li~ pcrsiic flws ltan is deteriiied fr-nn tilit iseiltropic -e.pa iisioiu rela ionl
Attenitioni is tuirined niext to it pieicl-plctitoftis41
Coc~itept.

APPLICATION OF TtIEOtI TnO BtODIES OF-MOVLUTtON=IN where .1 and B) arc difl'ereiL )oiits-om dile saiie -Inieridhiali
STFADY FLIGHIT line. Sice, the flow is isentropie in -tlie-wiridwartl plaic of

-sy svnunetrvY downst rean of the sluoek-at-tilezvertexawid-arouiid
Thel crit icatl featunre of t his applicat ion- is thle -analysis -of the surface of the botly, tle pressure distribution (inl to-

( lie ilii;iscid 1loW, since knowni twso-dimnisional houiiiar- ehetutfr)i edl banbewtf ~i i f i xr
]iaver solut ions cli ut' readily employed- tiit'o this-flow issi
kitow a. Accordingly, lie following tliciso 9i~etnte *~-- ~ 2
to-t inviscid flow problemi. c p -Y-11., (7.

N OW it, wtis shown previously inl tliis-jiaper -that it large
t,"' of li3pt'rsonlic flows ' a iicftire basicall3 three-dimiien- A lucre ]poll). is thle pressurte rise across-the shock- at it
"Wom~ll tan htt cult ahitted a it i it gemierahvzed shock-expansiont vertex onl the aiiidw'ard side of tlie boulid% i-lertte
liethot llich is iaialogouis to that employ-ed iui-refereuice 7 fronli conlical-flow% tlieorn. The ratio-1I)p, IS giiV1 en b3
for studying flow about airfoils. Specifically, thtis treatmient,
is permissible icli disturbances iissociated syitli-thle- diver- ~u
gence of streatilines inl lanies tttmo'cnt to-it-surface -ca ie + 2 4
coiisideredl negligible compared to thogse associateif-withI the P {: __' PJ (3
curvature of streaminires inl planies iiorinal-to the surface (see2

eq. (25)). For thie caste of noninclined bodies ofrevolution ee3 skonfri qainil-nd3,i-h Mll
which are curved inl the stream dlirectioin, this requlirementi is whr !iknw fomeutn(4)iudM i -eMal
satisfiedI a'l the hyvpersonic similarity pairiieter KC is itrllr simdeoft e1 boy t(.a I lie vrtex iiiulie i lso

greater than abouit I '(see I-ef. 10). For Iincliued-blowlies, anl Wr ieo iebd i ieVre lihne sas

a(l(lit iomial restr-ict iou is iiiplosedl. TIliis poiuit-isIerllps litt (let ermnined fromi conical-flow theory.

clarified 1)y considerinig the tiroblemn of calculat ig. flow tt FLOW OFF' Tli9 SURIFACE

the surfte. -Flow inl mieridianu planies ii rouiid -bodies-of revolution mify

PLO16 AT I MGV. fAC. be-calculated by3 the genweritlized -stiock-extutisioi-mnietliod -ill
It follows from (lie iniviscid flow analysis- that alien the muiclh the same mannmer as file Iiro(eluire-citliho3'et-iii refer-

g1euieriiliz'ed shock-expamsion inetliou applies inl thle region ei(ce 7 for flow about, airfoils. h1owever, the-apphicationl of
(downistream of the Vertex, surface stremtilines cal bet tli -ethoil is soimewhit mote complicatcdzfor-thie ease of it
approximatcd by3 geodesic lines. TIhle only geotdesics onl ism Yola lae ciisLts orouri tho boaytautawa i iho vertex (we, e.g., ret. i3)a
tie surface of a botly of revolution which, flie-streaniniles, sOrticai lers inssoeosaosem otevetex.
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body of revolution since flotw thle -influence of the conlical EHISADMMN5ATN N lOlS0'li OLTO

flow region-at the vertex mnust, he-considered. Ani ainalysis FRF NIIMNSATN NHD& FRVLTO

for- flow in-the region of the verte., of a iionlifting bod3 of It is of interest nlow to Conisidler briefly the( forces actinig

revolutionv (K>01 was Presented inl referenice 314 and expres- Oil 0 1)0(13 of revolution. InI thle previous discussion,
Miolls were (levelolied nliicli yieh[ the shock-wave ctur' ttre 'tteitol was called to thle faet, thaut(lie-flow is isentropic

,is .well as-flow condlitions alonig a-lino (normal to the bocl3 ill thle windward-planle of syninetry at-tlie vertex as well ats
axis) a short dlistanice dlownlstreamn of the vertex. iis oin tile surface-of-the 1)0(13. This result materially redluces
analysis was extendeld to liftinig -bodlies nod inore general thle Iidt lablor asbouiated with carr% iiig. out, the c'alculaitionis
exp~ressions were p~reseinted inl reference 32. Th'lus, initial to deterine tile pressuire (list ribut iolls around thle body
coniditions- intile regionl of the vertex call be established. dowuist real) of -thle %.ertex since the pressure rise, as well tis
There relanuls the deterination of flo%% conditionb ,loo,, the clitiige ilk elltropi3 thbroughi tlie shoch, iieed be coinsidered
meridian lines lowlistrealn of (lie vertex externjall3 adjacenlIt' 0111 iii this lilaie at the verte.x. -The-normal-force, axnal
to thle vort ical In% er These cond(itionis iia.8 le determined force, aind pitchiing-iioiiiellt coefficients may be obtained
inl lie-santle ililier its foi flow directly- onl the sini face(ie, from1 (lie eXpr-essionls
uinder lie -vortical laver), except, that-now iitial flow-condi- 16 J.
(ions externally- adja .cent to the vordeal ]layer at the-vertex - r cos p do~ dx (44)

are employed il tlhe iselltrolpic expanision relations, Conl-

striiction ofztle flow field betwveen dlie shock-and thie vortical .1 rtn (l ~d
layer iii-each -mieriliaii plane canl tlien piroceedliin a manner CiY VtIr . , r a-6 (lip i X (5

anailogouls- to thiat1 for thle t wo-dimlensionlal aiirfoil discussed

iii reference 7. To illustrate, conisider (lie flow in a iieridian C rx cos pa (hp dx (46)
plaiie of a1 lifting biody of revolution- (see fig. 0).7( 0

y respiectively, where dt- is (lie diaimeter of the base, r is thie
radlitls of tho-be'l , V is t lie mkeiidian-uuigle iieasuiredl fromk

lie plaine of spmuctiry oii (lie ;viidward -side of (lie body,
L and x is neasured~aloiig (lie body axis. If equationis (44)

Moch line-- and11( (46) aire (differenltiauted withI respmect. to a (111( (lie coiiii-
tiramine ofcisat-entropy on (ile surface-is- employed, there

is Obtained

16 r' WS p siii 2
p/X

Fiuar fy--Scliaaiic dingraia of flow fied about a body of revolution. iaiid

__ 16 f"1' in2p k-( p~\ rX Cos thp 11X'
All fluid-properties at points &-,-A', A, B and so forth, oil (o)si1~ 2  

0 v 1s Sin 24 ()a-- -p)
the body surface external to ti( vortical layer tire calcuilated (48)

i~h (Ike aid- of thke oblique shock-wave, coiial-flow, and(
expanision equat ions. Flow conditionis along (hli he AC These expressions- defAie like ilitial slopies of (lie nomin11al-

a11Y (hl be dleteriiinedl (see ref. 32)L It will be recalled force- anid piteliiilig-miouteiit-coefieieiit curves, respiectively,
(see ref. 7) that at basic coiiditioii- emlnoyed in conistrhuctig ail( may be rewritten inl termis of (ile iiiitial iiorinal-force-
flow fields~about airfoils by the-geiieralized sliock-expaiisioii curve slope for -a-comic tanlgent. to-the body ait. (lie vertex:
inetliod is takt (ilie pressulre is conistaint aloiig Maloc lineis t~
imnatting -froii (lie surface. lit -tilie ease of flow aboiut I\

pointed bodies- of revoliutioii, this condition canl le irelaxed fall0 (~~ 6'V (rV.)c 1-1 si 2 ,iiv I)
to accoiunt for tie small variations iii pressure (lie to-the 0)V -

imfhece-oftlie coniical type-flow inl-tlie-regioli of tile VerteX. ad(9
The procedure is as follows. The Nraclline ATC is colt- i
striicted usinig (ilie kniowni conidit ions ill (ile regioni NAC r - Coti -- i 111 2  ~ i
showii in the sketch. The net pressuire chiatige alonig tis titJ-o (1 ) 6'V 0V J o pV si"ki dI

Manchline Gi. c.,jpc-1A) is thus (let ermined. Thlis presure (0

differen~ce ia filet, assumed to icemel (lie net- pressure
change between-the 1)1)13 surfitee-anilile shlock itloiigzcacel where thie subscript TGNV refers) to a colic tanlit lit the
MIaeli huie-einointiiig fronth(le surface don ist ream of-thiu vertex. The citleulatioiA5 icessar3 to deteriine thle itnual
vertex 'I'le f-low field is constructed -using this cr) teria-ii iioru-for110ce- aicptlii-nmumtei~ebo~sfor it boil3
conjuuictioii-withi-tlie iselitrofpic-exfpatisioli relalti.s for flow~ of revohition-aire-theii relattiiel3 simnple, -sllce (C.)a'

iilonig stream-hues. I le easily obtained froii reference 12 or from chart 8 in
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reference 33. The Mahh nwuber and pressure distribu- with those of refereince 3 for iniviscid flow about, slender
tions nlong -the -body tire obtajiied b. the shock-e.panisiou three-dimensional shiajie, and the eiuible tile solution of
method-for thke case a=0. When these dlist ributions hanve equations (51 ) and (52) inl termis of tabulated functions of
been determined, tlie integral termls in equat ions ('10) and tile simlilarit parameters. Calculations over at range of
(50) are casily evaluiated lby numerical integration or b.% 11.6,v from t0.0 to coand aj 6xv front 0 to I were-carried ouit,
graplucal -Diet 110(1. for flow at the vertex of a body Of revolution's and the results

Si~li~ii~i I~PRESIO5 FR SE~i)ER~OIi~sof these cidculations for the flow pllaimeters fl
Inl thle ease of slender b)odies traveling at veryV high sup1er- O

sonic Mach numbers and veryv small anigles of attack thie (-%,( )- and ([ ,~~ are tabulated inl table T1 for 30'
calcullations of fluidl prol)erties at thle sur1face be!Oc rela- increments of SP from 0 to 7r. For a1 givenl 41f.,V and
tively simple. Iii -fact, fluid piroplerties (downistream of the AM.a, tile iacli num11ber. Oii thle srface of abody downstream
vertex may be related to those ait the vertex bky mneans of of tile v'ertex is readlily olbtaimned ith hi e aid of these tabu-
explicit aklgebraic expressioins. -III Ilaitietlar, tile local -Nach lated paramieters when used inl conjunct ion Wiit h equation
nmber and pressure dlist rilit ions onl thle surface of a slender (51). Thbe pressure coefficienit. is easily -calcula ted by means

-blody mayzbe written (see ref. 32)ofeutn-5)

1 Thle results fronm table I may also be used to good zadvan-
M- (-1) tage inl dIermiuig tile inlitial slopes of thie norm11al-force- and1(
2 6" I V itcliiing-mnioinient-coetlicienit curves for slender bodlies. 7 For

and1( examplle, whemn Al > andt 6«<I, eqtiatiois- (49) ainl-(50)
2 / c-l oinie wvith eqluation~s (51) and1( (52) to yield

_,LT 0= 1 2 1

iesjiectivilly, where 6 is-measured relative to tile hmodhv axis )5r) Q (3
inl these and( suibsequient exp~ression~s. Equations (51) andh and1
(52) contbine ivith-the eorrespoinmg coiiical-flow equations
(ref. 32) to predict, the ratios of local to free-streamn Macli (C'.j._08 k1 )& (C.,)r [I2 A~~
mnmbers-andl local-to free-stream-statme pressures to be t(lie 2
smeli ait~correspondimg points oitrelated bodies, provided tile f
-fl ow fields-about these bodies are defined by the some re- (r()ix (4
spective values of tlie hkypersonlic silfriyparameters

il 4~. nd !,a(oraI~). hes lieditiois re ii grenteit respectively, where

Iliche expressions are easilk cialatd ajit&(tie aid of tile The pressurez, natilg oil the mnindl surfaces isere mieasuiedl
tabulated flow paameters tin table I for t(lie case ar,'6. 0. -with it ittercu~r. U-tunbe manometer 01 -1b. lieauis of Micbeod-

EXPERIMENT gages when the pressures were low enuitgh to be -recorded
Illoidr t-obainit hee ol Oe-peditiois f t pe- onl t le littIer.
Iii zde toobtan achek o thepreictons f te lre- Pressure-tlistributioii models itere mnounted-on-a-0 0 miodlel-

cedimig theoretical anialysis, tlie piressuires actinig oil tlie smloralon5,1,ald5 bitspo T'1he -ts
surfaces of-bodies-of revolution corresponding to values of moest'rtw tagnoivshigfnessats3ad
the hkypersonic similarity plaramneter K from 0.00 to 2.1 at :n-toeee-mvmgbcslI rcx:ge1uA gic.
lacli numbers from :3.00 to 6.30 were (leternniiedl expe-ri- The( dlimenisionis of the-se models aidloeaitioiof-thme-pr-essuwe-

ineiitallv. Tfile bodies were tested at angles of aittack ill orifices fire shown inl figure 7.
to-IS0 .* A brief- descript ion of these tests follotws.L

Is Th c~l(a flw i i o s eentedIn ireemi32 we llilo d In tIKw calculation.
Ti-ST-APi'AiATIJUS~nm~ nti~~htte'tzo

it %Illho otedin ahl I hat he ahi of Is not-given for all values a( 0. Thi;
'1ests-were coilltcteLd it thle Alles 10- by 14-inch super- rmitS, oIO thi etO a-.ynda th iassumptiilfonf ljnflniteshlitly tin

sonile winid- tunnel. A detailedh descripmtioni of tihe wind~ t uniel Wile j&i oedU.hwie ,l3lde wee lboi w whl c.du~inl 1.4 4iO
condltl ns

andt atuxiliitry equmip)metitly be found inl reference 3.5. iiTeInitial ajbkforcemvrne sIoIp isol oiurm ztro (ile ho nhlliltry.
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k4 11.42'

I -Tangent point Station -t 2
*5.0

-51-

*3.0 Orifice location- shown by +
All dimiensions in inches

Circulor-arc ogivat models Conical models
Flnam 7.-Dhneioxis of Iiressure-dintribuitioii test nsodels-Mliowvng location of pressuire orific,

TESTS ANtD PR5OCED)URE dy'llnaic p)ressutre. Th'le resuting errors ill tle prssr

Pressutres onl thle iodd Sturfaces were mteasutred- at 00, coefficietnts wvere generally- less than ±0.005 tbrotghot
50, 100, and 150 atngles of attack- and at, test Macltnuinbers tlte Machit tiiber range-for all anlgics of attack.

of .3.00, 4 25, and 5.05. -Pressures onl thle fitiiness-ratio-3 COPRSN FTH RYW H XEIIN AD IS
ogtna (atswcllason. tltecorresponding cotte)werealso obtaitiedi COMPARISO O TE O F WIHEXPRU ENLADTS
at a test. -Mach tntmber of- G,30 and at 00 and 50 angles of SSN-FRSUT
attack. The Reynolds numbers (based onl aaxiinin dialin- According to itiviscid thtcnr , tlte hypersoitte similarity
eter of the-ogives) were 1 09 million at Maceh numbers 3.00 parameoter,W-, is it sigllificaut=ilnlex to when the-getseratlized
andl 4.21", 0.52 million at, Macb number 5.05, amid 0.22 shiock-expaiision niethod (all be used[ to Cadlculate titree-
milliotn at-ach ntumber 6.30, djtttettsiottalflows. It was-itidicated in this contnectioti that

VTe pressures around tile' -conie sarfisce (00 to 30 0) at tite getilerallizpd mnetitod should be applicable -to -bodlies of
tieriihian stationis 450 apart were recorded simnultanteoutsly revolutios be JvlCit is greater thtst abottt 1. -1ti ordler to
aeachi Match numtber and-angle of- attack. fit tite case of clteck tltis p~redictiotn, thle -pressutre dlist ribu ittots Otl tile

thle two ogival Ilodlels, the pressutres were recordled ait surfaces of two ogives (hainig -rixtnems ratios 3 antd 5)
lteridilln-statiotis 9t00 apart. 1Each model was tlicts-rotated traveling at Maclh nunibers 3j,0o, anmd 4.25, id 5.0.5 ,itd
450 about its longitudinal axis- (except, at 0* angle of attiack) at angles -of -titttack of 0, 50P, 100. and 150 were calculasted
and1 the-process repeated. by thle mtethtods of this paper. 'Pressure (list ribu (tionts ott

ACCURtACY OF-TFST RESULTS thie finettess-ratio-3 ogivc-a-amgles of attack of-0* and 50
were also calculated for a -Macl number of 6M3. VTho

In thie -iegion of thle test, section whetre thle rodels wvere conicel-flow thteory lpresettidzit-reference 32 wals-extudoyed
located, thle variation in Mtsclsnuinber dlid not, exceed ;L0.02 ini tltesu calcul ations for (leterittitttl tt alto-otdttf'
t.t Macis nilbers fotti J.uu -to 5.05 atnd ±0.04-a Abt- etch at tile vertices of both tlte-liftitig iand toidilifing bodies.
nitber 6.30. C.omnparing first t(lie prsedictionts of theory wit h lxperillelt

The precisiotn of tlie computtedl pressure coefficients was -

affected b3 itutcUracics in the pressltte ineabureiettts, its of Vh ~r~4l ~ 0Sn.5.dlio~~o lnrrir5ual)
we)] as unscertainties it) the sireaiwangle atnd the free-stream n VaI u-rntde.l i3i2slnnu).) Ieeicotnuwnnesicis
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.0 8e IoV E p e r im e n t

- Siockxpooson mel hod
--- Method of cthorocteristgcs

-. 08- --- Reference (37)

I I K-0 IK142 Kl -1

,J II

020-40 67 86 10006' 204 8 0 2 60680 1 0
Percent nose length

Ficeite 8,-Varintion of jiresoire coelfjejit along ogives at aIO'.

fo - lie vase of- '.ro lift, a e klbSeir e-ii figure $ t hat thle shock- such in icrease. This flint (i %%ill be voIIisideIred -furt hic -ilk
C Xpiiiaiuli fliet hod pl edivts kiifiicv pressuire coelliciezits Close tile 41iscussioii of h3 Npeili o iiir-It ftilClli C lle uloll pro-
to t hose obtained-exiperimleiu ally ait, Valu~es of ICgrea tel t hiiii Sefiteul laitee ill (1t Iopaper.*
1. As- would 1ie-exjtectedl too, tile agreemen'lt beta cell tile t is iippwopriate. liou to tofisider thie reliability of thle
predicted coefficieilta aiid expjieifit' telids to inipro'. e upi to it sloI-xa i ke othila foi liftiuig bukl1 it. As blion i itt
Macli liufuiber of-5.tJZ. Th'1 e results of ii ciaracterist ics boil - figures 9, It), and 11I, tlie I lieor3 jelds goodl ag'reemienit 1% iAh
thuh zfor a-fitieluess-ratIiii- tigi'. iit .11--3.0O difl1 ref. 36) exlierimetd o t.o(lie iw 1thnrdlSide oftleIldlesrti-oi'
aic. also shomni for-comparati.e purposes. Chalracteristics exCel)t lit Hl, .O3.) kK- t)., i )stagreemuent is ei'.ideii,
bulut ioiis-are hoigi' aaillible for the other easbes, liowe'.er, tile lio% e'. olf the leon ard side of (lie hod3 lit till macl- 1141111-
results of -Rosso%% kobtained by correlatiiig thle pressUres berls. III tile CaIse Of thle filielleSS-ratio-3 ogi'.e kfigs. 12, 13,
peldotl bN chiarac tel1st its bolut ioiis accorduig I tile and~ 111 14), algreemfenit 6s geficrtdl3 hotter- o'.er thle efit ire bodI3

SWAMw siliilarith -Iliu , see ref. 317) ale bhoe'. At. It is e% ideiit ill it-each aiiglu of ait ttic, partictilar3 at thle hiigher % alties of K.
this figuire that tile tigreelfiefit beta eeu these i esults tild I ilbIClllelf0 fgreSt hat li ta 0" tiliigit tid11111
those iceldeil-b - the ohiot k-e'piasiou filet hod ililpi '.es '.'.ith il esslif e dist IibUtiolis oA 1)o00A ogli'.es ilji 'Ited t hat- the accoA-

higica Mah iuzter f-OJO eobsr'.e, ioncc i, hathotIi Figures 9 thlioiigli 141 imiid ict t hialt as i'.otiild ho CNpected, this
ict hods -' ild-prebsti coeffl'e iito AMAie. although iii aigree- t refill Aii ie o el to thle casew of lift lg bodje,". It is iitcel

anitit, aile iippreelahlN Ionor thiaii expjeimienit. There iSfill ost ifg tol fiote, also, that. realildl good Alpi Cemenf t -%% Atli C.\.-
ptirticuilat reason, oul the basis of patst, exieilce of, otlieru ise, petifflefit is Obtinedl alieu K, I cc eat though an 6, Ac-
to-doubt the-accuracy of the charalcteristics theory for this voreliigl~v, it is sug~gested thatt so loiigits K Ir ttlct5' I
bull%. Ili this cowuljl, it-should be ntoted that ttle tleor3 tilie geiief tihi~ed sliock-Vel.pAtSIotk i ethul canl bie emfplO3 elltl=L
isgeiiRt113 Ii good -agreelneitait i c.ef iflielit lit till tile ptfict siiiitte P1 essbb itlotlig milidlittilihes iis-t loigi- the)

loner \Iaci-wiibers. It-seemis logical, therefoic, to suispect acre StietiaihiieS, %%ith little Stierifto JA Ri CCUiirae3. -141 this,
thiit thre edeptartulre of thteory- fromn expeorimhent ait '1,- 6.3)0 is Cofiiiev tilf, it shouild be utedl thu t-the iieriehi- hues oil the
(-aused-b3 %. iscotis effects Aniftle flIo%. More specifical ly, it is extremie auin tird aiid leen iird sides of the both3 i. e., 90

-- sgetdthat this dejiartkn ure ly h6 trtaceed to a btthstttit ial afitl 'P-18IS" respect ii c1) ile exaictly st iealihiies.
incease in tlfickliess- of the laminuar botundatry hiiYer Off t (lie
ogive. 'I'be low Reynioldls numftber of thle tests arid, to a thifilt.~~u~ t~ tn,~noda~~t ,io~~l~.t

''~ ~~~~~ the~fi (lie'1-1) he'lll of ititenc 3t2hl 1o ifloola ~lo aplicahtblo for ilinn ondtllotu Ui e.,
soimewhat, lesser exet tbob-30) Mach numeilI?).roU
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64 Symbol z/1

I II I- - I 0 (Cone doto)
J6_ T - 5 27

5* 54
.60

S 1.00
0- Shock-exponsion method

(Stone's second order
AS solution employed 0f

vertex. (See refi 31)

32 32

V 24 24

16- - - - - - - -. 16 --

0 30 60 90 __20 150 IS0 0 30 60 90 120 150 180
Meridian-ongle, 4,deg

Ficuith 'A Circuiufierential variation of pressuire coefficient on a IIIICIICS ratio 5-ogive aM .1f=3.00; K=.60.

It appears in-figures 9 througli-14; that the- most import ant figure 15~ (it) thlat the- theory yields results -Which mildictite fil
factor infhuencing the accuracy of the shock-expansion umderexpansion of the flow onl the sides of-the-body (9 45
mlethod is-tlte reliatbility of the conical-flow tltcory, since-the and pc 900 ). This -result is not( surprising sice aJ6,V, 1
inaccuraciesilt the vertex appear to-be reflected strongly-ilt anidK< I. It, wouhl- be expect ed, Iten, t hat -thle-tIrue st reaml-
thie pressures dlownstreamt of the -:ertcx. 'rTe question lilies wold~ (leviate considerably fronm a mecridianlinle. InI

=natulrally arises, thenl, how good-are-thle-predictionis of the other words, floa disturbances iln Iplttles tanigent-to the body
nIlethlot whtch experimntally dlete~rmfined iniitial condtitionis at tile surface are-tno longer stiall coiparcil-to-those inl axil
at tile vertmxaire emplloyed? To-answer this question, the planes. It can be-seen- froto figures 15 (h) antI (c) that uts
])ressusre-coficiellts oil (t(e surfaces of-tile -wo ogives-tllder tile 'Macli number, and-tence If, is incereasedl, bet-ter agree--
dliscui~on were-(leternedi ill thlezfollOWing 1man1lier. Initial Illelit, is ob~tainled. This restilt is at tribtlted- in part to thle
conlditionsq at-thle Vertex were (heterinined-fin thelineasured fact-that, dile streamlinies of tile lie\% deviate less frolm mneridianl
static p)ressurfes arotunid it conec (corrcsponldillg to tile vertex- lilies ats K is inicreased. The saine general trend mlay be

Iatig-i'nf-Iih hdy) i-emlttfliiot -Wt1h-Iteati rd -Shock- noted-ii fi'uiec 16-fut tile ficcsrtoJogive. ioe r
wave angle (inl thle plane p=O') obtainled from11 scilicrelt ill this case, a,'6xsj-ald over-all tigreetlientl betweenI theory
phlotograplis of t(lie conical flow field. Th'le piressure co- and1( experulint-is imuprovedl. in fact, good-results aire (conl-
eflicients-hownfstrealll of tie -Vertexcwere~ theni calctllated-as sistelitid obtainied-by theory except onl tlli extremte leewcardl
before. 'file results of these calculations for Mlach num~lbers side of- the bod.% Wthere-it-is probable thlat Viscotis effects fire
3 300, 4 25,-awd-5 05 are cottpared with exlperiltnuit ill figures iuidluencinig thle pressures. Tltere maty be-soime stepara~tion
F)I andc 16 for a 15*. Resulits for a= 150 are tIresellted of flow o~er this jtortion-of tile body althotlgh-tno evidettce of
because' at titis angle of attack thle applicabilit., of thle this could he deterined fromt tle sclllicrelt pltotogt'aplls.
cotticali-flow soltifons is ullost, tnttrgitlal. ft is ob'erved ill IIu tile case of the fineltess-ratio-5 ogive, scidlieren -evidellee
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indicated-flow-separation oin the leewardl side of (lie body for excellent agreemelnt in tlie plano of symmlletry. Tile samle
aill -Macl inbers at a=150. It is evident fromn these observationis ]fafy be made for thle side meridian plane. III
figures -that in -anly event.-the shock-expanlsion mlethod will this latter connection, it. is of interest to poinlt out. that es-
yielilietter results when iniitial conditions ait- thle vertex are sentially the samne result. is obtained when tile shock is ats-
dlet erminedl fromn cone tests rather than fromn presenit I suliedi circular inl cross-sectional planes anid its location die-
available cone theory. terinined from thle calcudat ionls ill tile planle of slymmiet tq.

Tlmere-iiow-remnains tlie determination of tile accurac.\ of III thle case of tile fineiiess-ratio-5 ogive, the poor agreemnielit.
the predictions of the generalized shock-expansion ifethod onl the leeward Side of thle both is tite to the limitations of
for the flow field (other thtan tile surface) about at liftig the conmical flow theory employed ait the vertex. If experi-

-1)odlv of revolution. To this end, flow ill thle phlne of Sym- ineiiltalll determinied inlitial Conditions are emlployed goodl
mnetcry (,P=O ~Andl j= 1800) wats calculated for each ogive agreement with experiment. dlownstream of thle vertex is
traveling ait. at Maclt number 5.05 anid ait, anl angle of at tack obtainled.

-of 100. Flow ill it side mleridian plane (,p=900) wats iilso Although the predictions of the generalized shock-expanl-
c'alculatedl -for (lie fineniess-ratio-3 ogive. TI'le resulting sion mnethod have been checked onl ~ at, tilie ininer anid outer
shock-wave shapes are comp~ared with time actual shapes (o - boundaries of the. flow field, it is expmected that, equally good
-tamled- fronschiliei en photographs) inl figure 17. Theo te io- results a ould he obtained tt intermediate points fin thle flow
retically determined-conical shocks aire also shown for co i- -field. 'Ihis coniclusionl is based onl time faet that. the( bow
trast -fi i the case of tile fineness-ratio-3 ogive (K= 1.6 .tt and shock waves were obtained ats af result of thle caleulatiotis of
a/kv=0.53), -theory tad-experiment are observed to be in these intermediate points.

-------------------- ~64 - -
Symbol x11~ned~t)

a.5' 5 0 27
S- 560 54

~ 80
08------------ 1.00

-Shor-exponsion method

'p32 -- 32 ------------------

--
N
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Symbol i'l
0 0 (Cone data)

0* .27
56 54-

' 80

- Shock-ex ansion rrelhodI

2. .24 --

010

Ira



TWO-D)IMENSIONAL APPRtOACII TO CALCULATION OF Till F-DIMENSlONAL H1YPER1SONIC FL.OWS 17

65

.24 - --- - ---- Symbol X/I

0 04

a .66
L 100

-Shock. expansion method

'08

.56

40 .40

.32 .3

II

0 0,



00

.40 -- -- --- -- -

32,---10

8.5

72*2

0.0

-c6-

51 56 -

&48----------- - - -48 -

AO 40

.24 --. 24 - .

.16 - - - - - - - - 16

0 30 6090o 120 150 180 -0 30 60 90 120 150 180
Meridian angle, 0, deg

Fioun. 13.-Circumfereatial variation of jprme~a coefficient, on a finnees ratio 3 ogivo at-N -1 .25; K=1.42.

Ai
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a.5Symbol x,:
- -- - - -0 0 (Cone doto)

4

- - - -- - - -- ~1.00
Shoclk- tponvon method

.Ot -- - - -

72

-.556 -

vAI - 48-

Z.

,400 .40

0-- - 0

0 6o~ o 00 - 160 -. 0 -30 6010220 k5 180

Metid~onaogte ,4, deg

Fiounu 14.-Circuiferxitial variation of pressure-coficiexit oni a-fioncys ratio 3 ogivo at AI~3OK-i.68.
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.48 -- -- Symbol ii/1-
0 .2(Cone data)

.40 A - .004

-Shoclr-exponston method
.32- -- -employing experimen a ly

deetmined Ccone condiioS1

g,24.

J6 --

6a) - I A 0 W

Meida anle 02de

0 44-
- % a 66

i. 1.00
-Shock-exponnion mnethod

employing experimentally
- -~~~ dcmne-Cone conditions

A8i delm td
A I 1\ I

40-----

6 \1 -- -

CC 32-

V

0.(h ~
16 ) -

0 30 60 -90 i120-t56 0 - 150 IS0 0 30 60 90 120 150 180
Meridian angle, i0, deg

Fiouity It.-Circuinfereniial variation of pressure. cocficient onx a fintizis, ratio 3 ogivo at-a 160
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mZ-Ewenol nose solution

-Thorelcl nose *OAn

-Genreralized shock-eponion
Theory method

- - Conical shock
Experimord 0 Oetertiined -from schlirfn

photographs

FiaGitt 17--Shocki:.ave sIkajlw for two ogives at. If.-5.05 and am IO*.
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It 6~ appropriate now to conssidler briefly thie forces exper- eflicients- for (lie tao ogives alt ot.-o illi a=50 aret Coal-
iecuced bty-the ogives. To this enld, normal-force coefficients pared with experimient in figures 19 ad 20. It. aippears; froml
were obtained by intcgrating-the theoretical pressure-distri- at coluparisti of figures Sandl( 10 th~iit~tle slender-body theory*
but ions- for-tile two ogiVes at. a Maclh number of 5i.05. The, w11l yield- more accurate (lrag-coefhcvients than the-genierall
results of these calculations are comparedI ini figure- IS with theory at- a=01, partietilark tt the lower values of K.
those obi abned from integrated experimental pressure dis- T'his result is, of course, fortuitouls. In thle case-of liftinmg
tribmitions-for values of K of 1.01 anid 1.6. It is-observeil boies (fig. 20) tlie sliialer-hod3 thieor % yields rs-ults 1hich
that although theoryv yields results which are, in -general, are soluiewhat less saltisfllctor % -tt- till values ofIK. However,
higher than -those obtined -b experimient agreement ill- tile thieor.3 displa3 s sufficient, accurac% foi' muan enginieerinig
proves with- increasing X. The samie tremi with K-is evi- liurlposeszeven tit K- 1. Tisi -point. is particulairy evident,
denit for the initial morial-force-corve slopes obtaiiiedauitl for thle more slender of tile two bodies ats indicated ini-figure
tile aid- of= equation (49). Axial forces were also obtainled 20. It, is-also interesting to Iite-the( consparisoti-ofilicory
for these ogivei and, ats indicated in figure 1S, the -sliock- and( experimtent shiownm in figure 21I for t(lie initial-normal-
exlpansioii method N ids generally good agreement with force-curve slopes iind enters of pressure of a -famu~y of
experilnent-even ait at value of-K ats low ats 1. ogives tit-\ Inch numbers from 3.t)0 to t'.30. Thme experi-

- - - - - - mental data were obtained ini -tihe Ames 10- 1wv z14.iimll
1 - - upSifesoilie- wind t nmiel. There is-good correlation-of these

data with i!.v, the hypersonic similarity paramteter for
- - slendetr-bodies, and t here 6 goosE agreemnt vm it Ii-thm fm,

valus o- Ahx geater thani -1. ]I view of its simplicity,
- - -- - - -lue of the whprohseme -bo eory should-prove usefult

ini t his-pamer-of tabu~ilated vailues of tilhe pert iiient- flow lpirii-
- -- - - ~~~misteni's 4lectedl values of if vand sn/6x (setbl-)
- CmUp-to-hii-point we have -been concerned almostentirely

4 %itli thle -iviscsl theory an-iqcompaisonl -with sxei
0i - - - mental dat relatively free of-effects of viscosity. Is a limil

p~oinmt, itvis appropriate to test. th two-dimensional boutndary-
------------ ayer coricept, of t his papeir by-considering flows -which fire

1! o() -CA- -- sig~nificantly influenced by-viscous effects.
-- -- -- -- IIIt hlis-coneetionk it was-iioted early in t(lie p~revious shis-

emsinthat imiviscisf thleory yielided piressu-e coefficients
whichk -were substat iially lower than experiment ait 11.=

- I I I I 0.30. Trfis discrepamiy was -traced to thle t luck -=linni.m
Integrattd- experanentol bomndary-liiyer onl thme test, body. Aveording-to-tfieory it.

0 pressure- distributions slouhdhe~possible to calcutlate-thlis boundary layer approxi-
Integrated -tereical match'el by mleanks of simple two-dimensional -t(eliqutes.

E pressure distributihons This p)ossibility waS Checked byV sclmit ing thelair
£ 8 o (qain(9)boundary layer Onl tlie fiiieisess-rat1io-3 ogive tita MacMlie

'V.)oa n nuiuber-of-6.l0 and~ iiigles-of attack of 00 aimd-5 0. 'le
6 - - - -- - - - two-imensional theory of reference :18 wats -eiployed."

-- '1hme body -orslinimtes were increased bky anlliunount-equal to
Stile displacement thickness of the boundary layer. The

C pressvrelist ribution iabout, time distorted body wats thlen
obtainied with thle genieralized shock-expansion -method0(.

- - - 'lThese correctedl lresstire dlist ribu tions and thme originasl
W 401-N.uncorrected distributions are -presetitesl iii figure 22 allong

~with experiuct. ht is obs eived thlat. while unicorrectedl
0 2- 4 - _-8 10 12 14-- 16 fpressk res!are slefiiiitely low -the corrected fresusredist ribu-

Angle of attack, a. deg t ionlsare1-11im godlareet-il-'prmn 1um-tlis case,
fa)X LiOI t lear relatively simple two-dimmesional methlods of cor-
(b)) 'K 1.6s recting Isiesslir (list ributiomis -for thle p~resence of thie

Fmstuimt. 18. Nurmasn- andt axssl-ftprce vucialst fur ugit". at boumsslai~ hsa er aie, ats indlicated b). Oieor , aqplicaibhc to
= ~ thle- body- of-revolution.

Let us-coiisider nsn thle lpicsictmonis of thie hiypersonic ThI l" IYw 6 bwLdounus a kI t. f I ie I) nmshsu at he .dlst,QouW'il .r-(i.I Lq IW 1ose not aillk in ti region, ad. wadonsin ssIlh a inatetce sumiuliiyslender-body theory. Tfo this-end, calculated pressure Col e555Io)"t afhailss. sscl ts'- Iealculuatii foswo the %55tx.
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I/d.- 5
K-. 60 K-1-

C a Cone data

24 Longitudinal stations Experiment

- -! - coersonic slender-body theory

a ld 3
K. 1.00

I/d. 3
X K- 168

D o) Ib)

-0 20 -- 40- 60 90 O10 0 20 40 60 s0 100
percent nose length

Fiouto 19.-Pre~'rtro (listribiutious predicted by3 hypersoule sAcnder-body thieoryv for ogivcA at a-=t).
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.24 Symboi V!I
0~ 0 (Corteda)

Ild . 5 a *27
-- ~ ~ K:.I 54

.16- 1. .80
11d. 1.00

__ __- -Hpesoi Slender-,

ISymbol x/I
0 0 (Cone data)

- j0 .22

.32 - - A- .66
2 /d. 3 N b 1.00
0. 9-1.00

-- -- - -ypersortc Slender-
Ibody Theory

.0.

*0 --- 30 6IO 90 120 150 A80 0 30 - 60 90 120- 150 180

Meridianl angle, 0, deg
(a) 1M=3.0().4.~50

Fioune: 20.-Prmisre distribuationas predicted bk% hypersonic -lciidter.bo(iNy theory, for ogives at-.=50.

08 8 o6 2A-34 48 567 72 8
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.24 -- - - found tht4 whet thie flight, Mach number is sufficiently

large comparued to 1, flow ini the osculating planies of streaznl-
20--------------- s- lines ini legions free of shock waves inay bc of the generalized

IPraudtI-'Moyer type-surface streamlines inl this event-jnay
\ be t reated ag geodesics. rni the case of slender bodies, these

12 r - - esults apply to nionsteally as well as steadly flows. The
- two-dlimensional appiroachi to thiree-(liienisionial -hiypersoniic

flows was also e-tended to steady boundary-layer flows.
- - -- - - Bodies of re~olutioll in steady hypersonic' flight were

04 considleredl as ail examiple of shapes prodlucing three-dimen-
... sionial flow% fields which appear locally two-dimensional.

0------------- - Witl thle assumption of conical flow ait thie vertex anli-sniall.
to) angles of attack, simple approximateo solutions were obtained

~-O4 - _____ which -yield the Mach number mimith pressure (list ributions on
a (the surfaces of such bodies. Surface streamlines were
8 36----------------approximated by mneridlian lines and t hallow field in mieridiank

8 36. ae: was calculated by means of a generalized shock-

-hs theor shhpl expicit expressions were ob~tainied for the Macl

268- Theory with two-drnad numbler 1111( ])iesre (list rilitt ion onl the surface.
boundary layer Surface piressuires andi shock-wave shapes were obtainied

24 -e - - -xperiimentally at Mach numbers fromn 3.0t0 to 5.05 for two
N ~ogives having fimemness laios0 3 andl 5 and for two- cones

20 having -- ~~"' the( samne vertex angles ats (li ogvs The-ped,
liols-of the mehd fthis palper for the-surface p~ressures

16 - - - - -- a iilslmoek-~i me shapes %vcre found to be ill good agreemnelit
with experiment, ait values of K( of about, 1, or greater, -whenl

12 - - - - -- a '6, (the ratio of angle of attack to semuivertex-amigle)-unas
about 1112or less. For i ncreasi ng values oft this-p1)arane ter,

08 - -- mgeellIeiit, deteriorated but %%as still reaqonabl3 gootd for
~ ~ t values-of aJb., upl to about11 1. Hxperinientialz surface pres-

04 sures-at a Macli number of 6.30 and1( angles of attack-ofO0'
- ~ and 5' were also obtained for the fineness-ratio-3 ogive.

0- ........... he predictionIs Of the shIock--expanIsiOionmethodI wheni
W b emplloyedI iii conjunct ion wiith hita two-(limen tsionial- bouidarv-

0 20 40 60 80 _10 layer calculation were found to lie in goOdl agreeuemit with
Percent nose length experimnt.

(a) a=* 'In view Of these results,, it is conlulded that thie genierallized
(b) =6nshock-expansion mect hod should prove useful in treating

three-dimensional hypersonic flow fields about piractical
Fmirl; 22. -Effect of boundary layer onl lre$Mmurcs acting Oil a-fioctae.qs aerodynamic configuraitions. Furthermore, it. is ind~icaited

rati 3 gir at w=O30.that, methods of treating two-(hinensiomil hyperlsonlie

CONCLUDING REIMARKS b~ound~ary layers may, inl like imanner, prove useful il- pie-

A mnethod of characteristics employing p)ressure and-flow deigdrednesoa yesncbudr aes

incelinationl angles ats (lepellent. Va~rialbles was ulsed( to AilEs AtmRONA UTICA . LAiBORATRoiY
obtaini a simnplified appro~xiinato method for calculating NA~TIONA~L Aovisoaty C0o101TTIA.' FOiR ALRONALTm(.
tliree-dimueosionat flows at high supersonic speeds. -It- was \,oFFFTT FirmD, CALIF., Aug. 16, 1962
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TABLE L-TABLE OF FUNCTIONS FOR HYPERSONIC SLENDER.BODY METHOD
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